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Abstract
We demonstrate that the spontaneous symmetry breaking condition, when applied to any system,
have a correspondence with the Quantum Yang-Baxter equations. This correspondence guarantees
the appropriate dispersion relation and the appropriate counting for the Nambu-Goldstones bosons.
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I. INTRODUCTION
The Quantum Yang-Baxter equations (QYBE) are used for exploring problems related to
integrability [1]. On the other hand, the Nambu-Goldstone theorem [2–5] in non-relativistic
systems suggests that canonical conjugate pairs of broken generators, are related to a single
Nambu-Goldstone boson with quadratic dispersion relation [6–8]. Here we demonstrate
that there is a correspondence between the QYBE and the notion of spontaneous symmetry
breaking. If the product of three matrices formed by 1). The order parameter matrix.
2). The pair of matrices corresponding to the broken generators; satisfy the QYBE, then
the appropriate dispersion relation for the Goldstone bosons is obtained naturally. In this
scenario, the Yang-Baxter diagrams suggest that two Goldstone bosons corresponding to two
broken generators and with ordinary dispersion relation interact over a vertex. When the
Goldstone bosons are indistinguishable under the exchange of location (space), they interact
such that they effectively create a single Goldstone boson with quadratic dispersion relation.
If the system distinguish between the exchange of the two Goldstone bosons corresponding
to different broken generators, then the Goldstone bosons will remain independent and with
the usual linear dispersion relation. In addition, in such particular case, the number of
broken generators represent exactly the number of Goldstone bosons. Inside the knowledge
of the author, this is the first time that it has been proposed such a natural connection
between the number of Nambu-Goldstone bosons and the associated dispersion relations. It
is also the first time that it has been proposed a direct connection between the QYBE and
the phenomena of spontaneous symmetry breaking.
II. THE NAMBU-GOLDSTONE THEOREM
The Nambu-Goldstone theorem at the quantum level states that given a field φa,b(x) which
is not a singlet under the action of the generator of a group, then its vacuum expectation
value satisfies the condition
< 0SV |φa,b(x)|0SV >6= 0, (1)
where the subindex SV means single vacuum. Note that here we take the order parameter
as a second rank tensor instead of a vector or scalar. We will consider the general situation
where φa,b(~x) = φ
m,l
a,b m ⊗ l. Since the order parameter is not a singlet under the action of
the broken generators, then it satisfies the condition
[Qm,k(y), φa,b(x)] v φ′a,b(x). (2)
Note that here we also take the conserved charges as a second order rank tensors. By
combining the two conditions, namely, eqns. (1) and (2), we obtain
< 0SV |[Qm,k(y), φa,b(x)]|0SV >6= 0. (3)
Here Qm,k corresponds to conserved charges. In general, we can take Qm,l = Q
p,k
m,lp ⊗ k.
Eq. (3), is an equation with two pairs of indices living in different spaces respectively. Later
we will explain the meaning of the indices corresponding to the order parameter and broken
generators. In standard situations, the number of Nambu-Goldstone bosons is equivalent to
the number of broken generators NNG = NBG.
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III. THE QUANTUM YANG-BAXTER CONDITIONS
The QYBE are defined by the relation
R(1,2)R(1,3)R(2,3) = R(2,3)R(1,3)R(1,2), (4)
in operator notation. The matrices will be bi-linear objects acting on a space M ⊗ V . In
coordinate notation, we can define the matrices as follows [9]
R : M ⊗ V = Ra,bc,dma ⊗mb. (5)
Analogous conclusions appear for the other matrices. There might be cases where the spaces
M and V are the same. Here B = {m1,m2, ...,mn} is a basis of M . The space V will have
an analogous basis. In coordinate notation, the QYBE defined in eq. (4), become [9]
Rs2,s3j,k R
s1,c
i,s3
Ra,bs1,s2 = R
r1,r2
i,j R
a,r3
r1,k
Rb,cr2,r3 . (6)
In this paper, we will use this coordinate form for the QYBE.
IV. THE RELATIONS BETWEEN THE ORDER PARAMETER AND THE CON-
SERVED CHARGES
The QYBE defined in eq. (6), admits the following form
R0,n
′
m,lR
n,k
p,n′R
a,b
n,0 = R
n,0
p,mR
a,n′
n,l R
b,k
0,n′ , (7)
which corresponds to an equation for the product of three matrices defined in agreement
with the notation
R0,n
′
m,l =< 0DV |Qm,l(y)|n′ >, Rn,kp,n′ =< n′|Qk,p(z)|n >,
Ra,bn,0 =< n|φa,b(x)|0DV >, Rn,0p,m =< n|Qp,m(z)|0DV >,
Ra,n
′
n,l =< n
′|Ql,a(y)|n >, Rb,k0,n′ =< 0DV |φb,k(x)|n′ > . (8)
This notation implies that the following equality is satisfied
∑
0,n,n′
< 0DV |Qm,l(z)|n′ >< n′|Qk,p(y)|n >< n|φa,b(x)|0DV >=
∑
0,n,n′
< 0DV |φb,k(x)|n′ > ×
< n′|Ql,a(z)|n >< n|Qp,m(y)|0DV > .(9)
In the middle of this expression, we can distinguish complete set of intermediate states
defined by Iˆ =
∑
n |n >< n| =
∑
n′ |n′ >< n′| and in addition, there is an extra-sum
over the multiplicity of vacuums |0DV >. A multiplicity of vacuums will appear when the
symmetry is spontaneously broken and here the subindex DV means degenerate vacuum.
The sum over this multiplicity is represented by the contraction between the indices 0 in eq.
(7). Note that the vacuum will then appear as internal lines in the graphical version of the
QYBE as it is shown in Fig. (1). The free indices corresponding to the order parameter and
broken generators, are indices living in the corresponding spaces of the Goldstone bosons
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or the degenerate vacuum. For example, in the matrix Rn,kp,n′ , the index p lives in the space
of the family of Goldstone bosons represented by n, meanwhile, the index k lives in the
space of the family of Goldstone bosons represented by n′. This matrix then represents the
interaction of two families of Goldstone bosons (n and n′) and we can perceive the pair of
indices k and p as the labels representing such interaction in the vertex of the Yang-Baxter
diagram. Consider now the order parameter φa,b in eq. (9). In this case, the pair of indices
a, b represent the interaction between the Goldstone bosons n with the vacuum 0DV . Then
we can think on φa,b as the order parameter touching the legs corresponding to n and 0DV .
Analogous conclusions apply to the broken generators. In order to agree with the ordinary
commutators, we will take as the fundamental labels for the broken generators those indices
living in the spaces corresponding to the different families of the Goldstone bosons. If one
broken generator has two indices living in different families of Goldstone bosons n and n′,
then we will take as the fundamental label the index living in the space belonging to the
family of Goldstone bosons which is not a common vertex with respect to another broken
generator. Then for example, in eq. (9), we will consider the indices l and p as the real
labels for the broken generators. Then Qm,l = Ql and Ql,a = Ql will represent the same
broken generators in eq. (9). Analogously, Qp,m = Qp and Qk,p = Qp will also correspond
to a single broken generator. For the case of the order parameter, the situation is different,
the fundamental index is the one living in the vacuum space. Then φa,b = φb,k = φb and in
such a case the fundamental index will be b, which lives in the space 0DV . Then in this way,
eq. (9) could be expressed in a simplified notation as
∑
0
< 0DV |Ql(z)Qp(y)φb(x)|0DV >=
∑
0
< 0DV |φb(x)Ql(z)Qp(y)|0DV >, (10)
1. Exchange of the intermediate particles n→ n′
If we exchange the intermediate states n → n′ but keeping the corresponding pair of
indices in the same space such that the lines in the QYBE are not destroyed, then eq. (7)
is transformed into
R0,nm,pR
n′,a
l,n R
k,b
n′,0 = R
n′,0
l,mR
k,n
n′,pR
b,a
0,n, (11)
or in operator notation, eq. (4) becomes
R(3,2)R(3,1)R(2,1) = R(2,1)R(3,1)R(3,2). (12)
This equation is the twist map of eq. (4). Note that here we keep the different spaces
unchanged when we make the exchange n → n′. In other words, the pair of indices
{(0,m), (n, p), (n′, l), (a, n), (k, n′), (b, 0)}, remain unchanged if we compare this case with
the one analyzed in eq. (7). This is equivalent to say that we only move the lines with
respect to each other in the QYB diagrams as can be observed from Fig. (2). Eq. (11) is
then equivalent to the following equality
∑
0,n,n′
< 0DV |Qm,p(y)|n >< n|Qa,l(z)|n′ >< n′|φk,b(x)|0DV >=
∑
0,n,n′
< 0DV |φb,a(x)|n > ×
< n|Qp,k(y)|n′ >< n′|Ql,m(z)|0DV >,(13)
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FIG. 1: The QYBE defined by eq. (7).
if we use an analogous notation as in eq. (8). If n = n′, then eqns. (4) and (12) are the
same, except for the fact that they are the time reversal version of each other. If n 6= n′,
then the same pair of equations are different. In simplified notation, the previous result can
be expressed as
∑
0
< 0DV |Qp(y)Ql(z)φb(x)|0DV >=
∑
0
< 0DV |φb(x)Qp(y)Ql(z)|0DV > . (14)
V. THE SPONTANEOUS SYMMETRY BREAKING CONDITION
In general, if we have at least two or more different broken generators and if they satisfy
a Lie algebra, then we can re-express the spontaneous symmetry breaking condition defined
in eq. (3) as follows
< 0SV | [φb,a(x), [Qp,k(y), Ql,m(z)]] |0SV >6= 0. (15)
Under the assumption of invariance under spacetime translations defined through the equal-
ity Qk,p(y) = e
−ipyQk,p(0)eipy, the previous commutator gives an expression of the form
∑
n,n′
< 0SV |φb(x)|n >< n| Qp(0)|n′ >< n′|Ql(0)|0SV > e−i(pn−pn′ )ye−ip˜n′z
− < 0SV |φb(x)|n′ >< n′| Ql(0)|n >< n|Qp(0)|0SV > e−i(p˜n′−p˜n)ze−ipny
− < 0SV | Qp(0)|n >< n|Ql(0)|n′ >< n′|φb(x)|0SV > e−i(p˜n−p˜n′ )zeipny
+ < 0SV |Ql(0)|n′ >< n′| Qp(0)|n >< n|φb(x)|0SV > e−i(pn′−pn)yeip˜n′z 6= 0. (16)
Here Qp,k = Qp,m = Qm,p = Qk,p = Qp; Ql,m = Ql,a = Qa,l = Qm,l = Ql, and φb,a = φb,k =
φk,b = φa,b = φb in order to write the previous expression in a simplified notation. Here
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we define pn as the 4-momentum for the mode associated to one of the conserved charges.
Meanwhile, p˜n is the 4-momentum associated to the other operator in the same algebra.
The equality pn = pn′ as well as p˜n = p˜n′ comes from spatial integrations after expressing
the broken generators as density integrations Qb(y) =
∫
d3yjb(y). These conditions are then
independent of the QYBE. In what follows, we will develop the expressions for two cases.
1. Broken generators forming conjugate pairs
In this case, besides the conditions pn = pn′ and p˜n = p˜n′ , the condition n = n
′ must be
satisfied. Then eqns. (10) and (14) are the same up to phase factors. After summing over
the degenerate vacuum and factorizing terms with common coordinates, then eq. (16) can
be reduced to∑
0,n,n′
< 0DV |φb(x)|n >< n| Qp(0)|n′ >< n′|Ql(0)|0DV > 2e−iE˜n′z0cos (p˜n · z)
− < 0DV | Qp(0)|n >< n|Ql(0)|n′ >< n′|φb(x)|0DV > 2eiEny0cos (pn · y) . (17)
where we have used the result pny = Eny0 − ~pn · ~y, as well as the fact that both of the
QYBE defined in eqns. (7) and (11) are proportional under the condition n = n′. Note
that here we have summed two pairs of elements with common factors and with common
coordinate in the phases in eq. (17). At the moment of grouping common factors, we have
taken into account that eq. (14) is the twist map of eq. (10) and as a consequence both
equations are time reversed with respect to each other. This can be observed from Figs. (2)
and (3). Note that in the figures, the arrows in the internal lines represent the flow of time
for the corresponding phase. In this way, at the moment of grouping the common terms
in eq. (16) in order to get the result (17), we have to consider the time reversal condition
when we compare the terms in eq. (10) with those in eq. (14). From the previous result, it
can be observed that the condition n = n′ implies that the momentum of the intermediate
particles approach to zero quadratically at the lowest order in the expansion. In addition,
from the time-independence condition of eq. (17), it is clear that the energy (frequency),
will approach to zero linearly. Note that here pn = p˜n, as well as En = E˜n′ due to the
condition n = n′ applied in eq. (16). By applying the QYBE as they were defined in eq.
(14) in simplified notation, the previous result can be expressed as
2
∑
0,n,n′
< 0DV |φb(x)|n >< n| Qp(0)|n′ >< n′|Ql(0)|0DV > (e−iE˜n′z0cos (p˜n · z)×
−eiEnz0cos (pn · y)), (18)
under the equal time-commutation condition z0 = y0. In the limit y→ z, we have
4i
∑
0,n,n′
< 0DV |φb(x)|n >< n| Qp(0)|n′ >< n′|Ql(0)|0DV > sin(Enz0)cos (pn · z)y→z . (19)
Here we can see that En → 0 linearly and pn → 0 quadratically. In this limit, the previous
expression vanishes since we are tracing over the degenerate vacuum. This is consistent
with the notion of trace of commutators. We can then conclude that the interaction of
two Nambu-Goldstone bosons related to canonical conjugate pairs of broken generators, is
consistent with the QYBE.
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FIG. 2: The effect of exchanging n → n′. The upper relation, corresponds to the QYBE defined
in eq. (7). The lower relation corresponds to eq. (11). The figures marked with the same color are
twist map (mirror image) of each other. The arrows represent the flow of time for each phase.
FIG. 3: The effect of exchanging n by n′. The figures connected by blue lines, are mirror image of
each other.
2. Broken generators independent: Not forming conjugate pairs
When all the broken generators are independent, we can still write the general result
(16) since it represents the standard spontaneous symmetry breaking condition. In this case
however, since n 6= n′, then we cannot claim that eqns. (7) and (11) are the same. Then
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there are some pair of terms in the general expression (16) that we cannot factorize. This at
the end will turn out to be the mathematical reason for getting a linear dispersion relation
corresponding to the Nambu-Goldstone bosons. By following similar arguments as in the
previous case, we obtain the result
∑
0,n,n′
< 0DV |φb(x)|n >< n| Qp(0)|n′ >< n′|Ql(0)|0DV > (e−i(pn−pn′ )ye−ip˜n′z
−e−i(p˜n−p˜n′ )zeipny)− < 0DV |φb(x)|n′ >< n′| Ql(0)|n > ×
< n|Qp(0)|0DV > (e−i(p˜n′−p˜n)ze−ipny − e−i(pn′−pn)yeip˜n′z). (20)
Note that here we have used the QYBE in simplified notation defined in eqns. (10) and (14)
in order to factorize some terms in eq. (16). In this case these two pair of equations, namely,
(10) and (14) are completely independent. Then we cannot factorize all the terms in eq.
(20) as we did for the previous case when n = n′. For this reason, in the neighborhood when
the momentum and frequency go simultaneously to zero, the dispersion relation is linear
En v pn. Then we can observe that the interaction of pair of Nambu-Goldstone bosons
coming from independent broken generators is also consistent with the QYBE.
VI. THE COUNTING OF NAMBU-GOLDSTONE BOSONS BASED ON THE
YANG-BAXTER RELATIONS
Since the R-matrices represent interactions between n, n′ and 0DV , then their rank will
be related to the number of Goldstone bosons. If we assume the matrices to be square, then
we will have as many degenerate vacuums (0DV ) as Nambu-Goldstone bosons the system
under study has. If n = n′, then we have Rank(R) = n + n′ = 2n = NBG and then
NNG = (1/2)NBG. If n 6= n′, then there will be a subset of intermediate particles n, related
to broken generators with no conjugate pairs. In such a case, for this subset NBG = NNG.
The general relation between the number of Nambu-Goldstone bosons and the number of
broken generators is defined by NNG =
1
2
Rank(Ri,jk,l)n=n′ + Rank(R
i,j
k,l)n 6=n′ . Here the first
matrix Rn=n′ corresponds to the matrix formed for the case where the broken generators form
canonical conjugate pairs with n = n′. The second matrix Rn 6=n′ , corresponds to the case
where the broken generators are independent. Here we can classify the Nambu-Goldstone
bosons as typeA : nA = Rank(R
i,j
k,l)n6=n′ and TypeB : nB =
1
2
Rank(Ri,jk,l)n=n′ in analogous
notation with [7]. Then NNG = nA + nB and NBG = Rank(R
i,j
k,l)n=n′ + Rank(R
i,j
k,l)n6=n′ =
2nB +nA as it should be. Then the final formula relating NBG with NNG is defined in terms
of the R-matrices as follows
NNG = NBG − 1
2
Rank(Ri,jk,l)n=n′ . (21)
Note the analogy with the situation described in [7]. However the formulation of this paper
is more fundamental since it illustrates that the problem of counting Goldstone bosons is
related to the fact that in some cases, two Goldstone bosons with linear dispersion relation
interact in order to create an effective single Goldstone boson with quadratic dispersion
relation.
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VII. CONCLUSIONS
In this letter we have derived a novel method for understanding the interaction, counting,
as well as the dispersion relations for the Nambu-Goldstone bosons in general. When the
symmetry under exchange n → n′ is satisfied (n = n′), then the eqns. (7) and (11) are
equivalent up to some phase. Then a quadratic dispersion relation will appear for the
associated Goldstone bosons. The QYBE are then consistent with the the interactions of
Goldstone bosons and they suggest that under some circumstances, two Goldstone bosons
with linear dispersion relation interact in order to produce a single one with quadratic
dispersion relation. On the other hand, if n 6= n′, then eqns. (7) and (11) turn out to be
different and then we will obtain a linear dispersion relation from the spontaneous symmetry
breaking condition. In addition, the rank of the R-matrices appearing in the QYBE is
related to the number of Nambu-Goldstone bosons and the number of broken generators.
This is the case because the R-matrices represent either, the interaction between pairs of
Goldstone bosons or the interaction between Goldstone bosons and the degenerate vacuum.
The result is summarized in eq. (21).
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